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Clock-rate, one source of hardware speed improvement has 
stagnated.


Hardware manufacturers are shifting focus to energy efficiency 
and parallel architectures.


Performance improvement requires parallel algorithms 
(multi-core PCs, clusters, and emerging architectures). 
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Parallel Interior-Point Methods

ACOPF Implementation (Pyomo & IPOPT)


Contingency-Constrained ACOPF (PySP)


Parallel Interior-point Methods (Schur-IPOPT)

IPOPT 
Algorithm

NLP 
Interfaces

Linear Algebra 
Interfaces

Structured NLP 
Problem 

(Parallel Eval.)
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AC Optimal Power Flow (ACOPF)

[http://motor.ece.iit.edu/data/ltscuc/IEEE118bus_figure.pdf]
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One-line Diagram of IEEE 118-bus Test System

IIT Power Group, 2003

System Description:

118 buses
186 branches
91 load sides
54 thermal units
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Building the model with Pyomo

PyomoAlgebraic  
Modeling Existing Solvers

Hackebeil, Hart, Laird, 
Siirola, Watson, Woodruff, 

and many others…
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Input Format
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ACOPF Solution with Pyomo and Ipopt

Case	
  Name Number	
  of 
	
  Variables

Δ	
  Objec4ve	
  Func4on	
  ($)  
compared	
  with	
  Matpower

case30 46 2.410E-­‐05
case9 95 -­‐2.931E-­‐04
case9Q 95 -­‐4.806E-­‐04
case6ww 105 -­‐7.390E-­‐05
case14 197 -­‐9.430E-­‐05
case30Q 399 -­‐3.940E-­‐05

case_ieee30 399 -­‐8.082E-­‐04
case24_ieee_rts 416 -­‐5.421E-­‐03

case39 465 2.282E-­‐04
case57 767 8.225E-­‐04

case118_laird 1,831 -­‐1.020E-­‐03
case2383wp 28,456 -­‐2.939E-­‐02
case2737sop 33,742 1.139E-­‐03
case2736sp 33,807 -­‐5.044E-­‐03
case2746wop 34,013 -­‐1.544E-­‐04
case2746wp 34,063 -­‐6.135E-­‐03
case3012wp 35,242 -­‐1.976E-­‐02
case3120sp 36,247 -­‐1.149E-­‐02



N-1 Contingency-Constrained ACOPF Problem

[http://motor.ece.iit.edu/data/ltscuc/IEEE118bus_figure.pdf]

1 2

4

5

6 7

8

9

10

11

12

13

14

117

15

16

17

18

19

20

21

22

23

25

26

27

28

29

113 30

31

32

114
115

33

34

35

36

37

38

39

40 41 42

43

44

45

47
46

48

49

50

51

52

53 54 5556

57
58

59

60

61

62

63

64

65

66

67

68

116

69

70

71

72

73

24

74

75

118 76

77

78

79

80

81

82

83
84

85

86

87

88 89

90
91

92

93

9495

96

97

98

99

100

101102

103

104 105

106

107

108

109

110

111

112

G

G

G

G

G G

G

G

G
G

G

G
G

G

G

G

G G

G

G

G

G

G G

G G

G

G G

G

G

G

G

G G G G G

G

G

3

G

G

G

G

G

G

G

G

G

G

G

G

G

G

One-line Diagram of IEEE 118-bus Test System

IIT Power Group, 2003

System Description:

118 buses
186 branches
91 load sides
54 thermal units



N-1 Contingency-Constrained ACOPF Problem

[http://motor.ece.iit.edu/data/ltscuc/IEEE118bus_figure.pdf]
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N-1 Contingency-Constrained ACOPF Problem

[http://motor.ece.iit.edu/data/ltscuc/IEEE118bus_figure.pdf]
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N-1 Contingency-Constrained ACOPF Problem

[http://motor.ece.iit.edu/data/ltscuc/IEEE118bus_figure.pdf]
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Make a decision about how to operate now while considering 
all N-1 possibilities for transmission element failure.



Stage 1

Two-Stage Stochastic Programming
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Two-Stage Stochastic Programming
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Contingency-Constrained ACOPF Problem
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Contingency-Constrained ACOPF Problem
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Contingency-Constrained ACOPF Problem
Nonlinear two-stage stochastic 
programming problem 

AC power flow model for each 
scenario and stage 

Contingency scenario for each 
(almost) transmission line 

Penalty for inability to meet 
demands 

Ramping constraints for changes 
in generator set points 

Very large-scale nonlinear 
programming problem 
(Millions of variables)
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b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

L Lines G Generators

B All Buses D Load Buses

S Scenarios T Time periods

Objective: Expected Value of 
Generator Op. Costs 

+ Penalty



Contingency-Constrained Stochastic Programming ACOPF Formulation

min
X

s2S

ps
X

t2T

2

4
X

g2G
CG

g (PG
g,t,s, Q

G
g,t,s) + ⇢1

X

g2G

h�
PG
g,t,s � P ?G

g,t,s

�2
+

�
QG

g,t,s �Q?G
g,t,s

�2i

+⇢2
X

b2D

h�
PL
b,t,s � P ?L

b

�2
+

�
QL

b,t,s �Q?L
b

�2i
#

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

L Lines G Generators

B All Buses D Load Buses

S Scenarios T Time periods

IV Relationships 
(to/from) Every Line 

 (all S and T)

PI Transmission 
Model



Contingency-Constrained Stochastic Programming ACOPF Formulation

min
X

s2S

ps
X

t2T

2

4
X

g2G
CG

g (PG
g,t,s, Q

G
g,t,s) + ⇢1

X

g2G

h�
PG
g,t,s � P ?G

g,t,s

�2
+

�
QG

g,t,s �Q?G
g,t,s

�2i

+⇢2
X

b2D

h�
PL
b,t,s � P ?L

b

�2
+

�
QL

b,t,s �Q?L
b

�2i
#

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

L Lines G Generators

B All Buses D Load Buses

S Scenarios T Time periods

Power Balance 
(to/from) Every Bus 

(all S and T)



Contingency-Constrained Stochastic Programming ACOPF Formulation

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

Power (to/from) 
Every Line 

(all S and T)



Contingency-Constrained Stochastic Programming ACOPF Formulation

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

Line limits on (to/from) 
of every line 
(all S and T)



Contingency-Constrained Stochastic Programming ACOPF Formulation

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

Voltage limits 
on every bus 
(all S and T)



Contingency-Constrained Stochastic Programming ACOPF Formulation

s.t.

2

6664

ifrl,t,s
ifjl,t,s
itrl,t,s
itjl,t,s

3

7775
= Yl,t,s

2

6664

vrbf(l),t,s
vjbf(l),t,s
vrbt(l),t,s
vjbt(l),t,s

3

7775
8 l 2 L, t 2 T , s 2 S

PS
b,t,s = Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S

QS
b,t,s = �Y S

b

h
(vrb,t,s)

2 + (vjb,t,s)
2
i

8 b 2 H, t 2 T , s 2 S
0 =

X

l2Ib

P t
l,t,s+

X

l2Ob

P f
l,t,s+PS

b,t,s+PL
b,t,s�PG

b,t,s 8 b 2 B, t 2 T , s 2 S

0 =
X

l2Ib

Qt
l,t,s+

X

l2Ob

Qf
l,t,s+QS

b,t,s+QL
b,t,s�QG

b,t,s 8 b 2 B, t 2 T , s 2 S

P f
l,t,s = vrbf(l),t,s · ifrl,t,s + vjbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

Qf
l,t,s = vjbf(l),t,s · ifrl,t,s � vrbf(l),t,s · ifjl,t,s 8 l 2 L, t 2 T , s 2 S

P t
l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
g  PG

g,t,s  PGU
g 8 g 2 G, t 2 T , s 2 S

QGL
g  QG

g,t,s  QGU
g 8 g 2 G, t 2 T , s 2 S

vjrb,t,s = 0 8 t 2 T , s 2 S
PL
b,1,s = P ?L

b 8 b 2 D, s 2 S
QL

b,1,s = Q?L
b 8 b 2 D, s 2 S

�PGR
g  PG

g,1,s � PG
g,2,s  PGR

g 8 g 2 G, s 2 S
PG
g,1,0 = PG

g,2,0 8 g 2 G
QG

g,1,0 = QG
g,2,0 8 g 2 G

PG
g,1,0 = PG

g,1,s 8 g 2 G, s 2 S/{0}
QG

g,1,0 = QG
g,1,s 8 g 2 G, s 2 S/{0}

Generator bounds 
on every generator 

(all S and T)
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Reference Bus 
Constraint 

(all S and T)
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l,t,s = vrbt(l),t,s · itrl,t,s + vjbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

Qt
l,t,s = vjbt(l),t,s · itrl,t,s � vrbt(l),t,s · itjl,t,s 8 l 2 L, t 2 T , s 2 S

(P f
l,t,s)

2 + (Qf
l,t,s)

2  (SU )2 8 l 2 L, t 2 T , s 2 S
(P t

l,t,s)
2 + (Qt

l,t,s)
2  (SU )2 8 l 2 L, t 2 T , s 2 S

(V L
b )2  (vrb,t,s)

2 + (vjb,t,s)
2  (V U

b )2 8 b 2 B, t 2 T , s 2 S
PGL
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Fix load values 
for Nominal stage 

(all S)
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Ramping constraint 
on all generators 

from stage 1 to stage 2 
(all S)
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Enforce generator 
power solution equal 

in stage 1 and 2 
for Nominal to Nominal
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Non-anticipativity 
constraints
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and many others…

Integrated 
Python-based 

toolchain

Formulation of
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Matpower 
Input Format

IPOPT
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Formulation of

ACOPF

Matpower 
Input Format

PySP - Stochastic 
Programming


(Watson, Woodruff)
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Parallel Algorithms for Large-Scale Nonlinear Optimization

External Partitioning 
(Problem Level)

Internal Partitioning  
(Linear Algebra)

Bender’s Decomposition 
Lagrangian Decomposition  

Progressive Hedging 

Less intrusive 
Easier to implement 

Less favorable convergence 
rates 

Host Algorithm: parallelize 
all scale-dependent 

operations 

More intrusive 
Difficult to implement 

Retains convergence 
rates of host algorithm



Parallel 
IP Method  

(MPI)

Progressive 
 Hedging 

Building the model with Pyomo and PySP

PyomoAlgebraic  
Modeling

Existing Solvers 
(Ipopt)

Hackebeil, Hart, Laird, 
Siirola, Watson, Woodruff, 

and many others…Integrated 
Python-based 

toolchain

Formulation of

ACOPF

Matpower 
Input Format

PySP - Stochastic 
Programming


(Watson, Woodruff)

IPOPT



Nonlinear Interior-Point Methods
Original NLP

Barrier NLP

Initialize

Original NLP 
Converged?

Barrier NLP 
Converged?

Calculate Derivatives, 
Residuals, etc.

Calculate Step 
Direction

Perform Line Search

Reduce Barrier 
Parameter

Done

KNITRO (Byrd, Nocedal, Hribar, Waltz) 
LOQO (Benson, Vanderbei, Shanno) 
IPOPT (Wachter, Laird, Biegler)

Calculate Step 
Direction

Calculate Derivatives, 
Residuals, etc.



Nonlinear Interior-Point Methods
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Structure in the optimization problem 
Structure in the linear system
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Factor K  
Blocks

Form Schur- 
Complement

Solve Schur-Complement
Solve Remaining 

Vars

1: for each i in 1, ..., ne

1.1: factor Ki

2: let S = [��cI]
3: let rsc = rs
4: for each i in 1, ..., ne

4.1: for each column j in AT
i

4.1.1: solve the system Kiq
<j>
i = [AT

i ]
<j>

4.1.2: let S<j> = S<j> +Aiq
<j>
i

4.2: solve the system Kipi = ri
4.3: let rsc = rsc �Aipi

5: solve S�⇥s = rsc for �⇥s
6: for each i in 1, ..., ne

6.1: solve Ki�⇥i = ri �AT
i �⇥s for �⇥i
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Parallel Nonlinear Programming with Schur-complement Decomposition

OOPS [Gondzio & Gothrey, 2007, 2009] 
PIPS-NLP [Chiang et al. 2014, Lubin et. al, 2011] 
PRBLOCK_IP [Castro 2007]  
Schur-IPOPT [Kang et al. 2014, Zavala et al., 2008] 

- Parameter estimation in LDPE process [Zavala et al. 2008] 
- Spatial decomposition of water network [Zhu, 2011] 
- Optimal operation of air separation plants with uncertain demand and 
energy pricing [Zhu, Legg, Laird, 2011a,b]  
- Temporal decomposition for dynamic optimization [ Word et al. 2014] 

- Implicit Schur-complement approach [Kang et al. 2014] 
Never explicitly form the Schur-complement 
Solve it iteratively with PCG using preconditioner from Morales & 
Nocedal (2000)



Parallel Performance: Dynamic Optimization Under Uncertainty

Kang, J., Word, D.P., and Laird, C.D., "An interior-point method for efficient solution of block-structured NLP problems 
using an implicit Schur-complement decomposition", to appear in Computers and Chemical Engineering, 2014. 

Dynamic optimization under uncertainty problem  
1200 coupling variables - over 15 million total variables



Contingency-constrained ACOPF results

Problem data: case118 distributed with Matpower 4.1 
- 118 buses, 54 active generators, and 186 branches


Multi-scenario problem with 128 scenarios in total 
- Normal operating scenario and 127 contingencies 
- Problem size: ~400,000 variables and ~385,000 constraints


*Wall-clock time obtained from the Red Mesa supercomputing 
cluster at Sandia National Laboratories. Each node has 12 GB 
RAM and two, 2.93 GHz quad-core, Nehalem X5570 
processors.



Contingency-constrained ACOPF results
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Summary and Conclusions

Contingency-constrained ACOPF 
- two-stage nonlinear stochastic programming problem 
- straightforward implementation within Pyomo/PySP 
- parallel IP methods show significant speedup


PySP provides access to other parallel solvers.


Progressive Hedging (PySP, Watson & Woodruff) 
- IEEE-57, Parallel solution time: 9 seconds (under 10 iterations). 
- case118, Parallel solution time: 20 seconds (under 10 iterations). 
- case2383wp, (current work)


Increasing demand for solution of challenging large-scale 
nonlinear programming problems 
- need for parallel algorithms 
- opportunities for improving design and operation
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