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1	   Introduction	  –	  The	  power	  market	  uplift	  problem	  

Daniel	  Huppmann,	  Sauleh	  Siddiqui	  
Exact	  soluNons	  to	  binary	  Nash	  equilibrium	  problems	  and	  the	  power	  market	  upliR	  problem	  

Generators	  may	  earn	  negaNve	  profits	  based	  on	  market-‐clearing	  prices	  
derived	  from	  least-‐cost	  unit	  commitment	  &	  dispatch	  	  

Generators	  then	  have	  incenNves	  to	  leave	  the	  market	  or	  not	  follow	  
the	  dispatch	  as	  prescribed	  by	  the	  ISO	  (“self-‐scheduling”)	  

More	  generally,	  in	  markets	  with	  non-‐convexiNes	  &	  indivisibiliNes,	  
using	  duals	  as	  market-‐clearing	  (Walrasian)	  prices	  doesn’t	  quite	  work	  

There	  may	  not	  even	  exist	  any	  Nash	  equilibrium	  in	  many	  cases	  
	  

In	  pracNce,	  the	  ISO	  pays	  out	  compensaNon	  to	  “make	  whole”	  individual	  
generators	  aRer	  market	  clearing	  (“no-‐loss	  rule”)	  

PotenNal	  for	  gaming	  and	  issues	  of	  acceptance	  by	  consumers	  

	  

In	  electricity	  markets,	  marginal-‐cost	  pricing	  may	  yield	  
incentive-‐incompatible	  dispatch	  and	  losses	  for	  generators	  

2	  
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Overview	  of	  current	  approaches	  for	  equilibria	  in	  binary	  games…	  

•  neglect	  the	  gaming	  aspects	  altogether	  

•  compute	  all	  permutaNons	  of	  the	  binary	  variables	  

quickly	  grows	  beyond	  the	  bounds	  of	  computaNonal	  tractability	  

•  use	  a	  two-‐stage	  approach	  (convex-‐hull/minimum	  upliR)	  

•  relax/linearize	  the	  binary	  variables,	  apply	  equilibrium	  methods	  
see	  Gabriel,	  Conejo,	  Ruiz,	  and	  Siddiqui	  (2013)	  

doesn’t	  yield	  exact	  soluNon,	  not	  clear	  whether	  it’s	  truly	  a	  NE	  

There	  exists	  no	  scalable	  approach	  to	  find	  Nash	  equilibria	  	  
in	  non-‐cooperative	  games	  with	  binary	  decision	  variables	  
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Outline	  of	  the	  proposed	  soluNon	  methodology:	  
•  derive	  KKT	  condiNons	  for	  both	  states	  of	  each	  binary	  variable	  
•  add	  an	  objecNve	  funcNon	  as	  equilibrium	  selec0on	  mechanism	  
•  include	  compensaNon	  payments	  to	  ensure	  incenNve	  compaNbility	  

as	  decision	  variables	  of	  the	  equilibrium	  selecNon	  problem	  

The	  reformulated	  problem…	  
is	  a	  mul0-‐objec0ve	  bi-‐level	  opNmizaNon	  program	  
allows	  to	  incorporate	  the	  trade-‐off	  between	  market	  efficiency	  
and	  compensaNon	  payment	  budget	  
can	  be	  solved	  as	  a	  mixed-‐binary	  linear	  program	  	  

We	  propose	  an	  exact	  solution	  approach	  to	  find	  equilibria	  	  
in	  games	  with	  binary	  variables	  
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DefiniNon:	  Binary	  game	  
We	  have	  a	  set	  of	  players	  	  	  	  	  	  	  	  	  ,	  	  
each	  seeking	  to	  solve	  a	  binary	  problem:	  	  

DefiniNon:	  Equilibrium	  in	  a	  binary	  game	  
A	  (Nash)	  equilibrium	  in	  binary	  variables	  is	  a	  feasible	  vector	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
such	  that:	  	  

DefiniNon:	  Quasi-‐equilibrium	  in	  a	  binary	  game	  with	  compensa0on	  
A	  (Nash)	  equilibrium	  in	  binary	  variables	  is	  a	  feasible	  vector	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
and	  a	  vector	  of	  compensaNon	  payments	  	  	  
such	  that:	  	  

We	  introduce	  the	  notion	  of	  a	  binary	  quasi-‐equilibrium	  to	  
describe	  incentive-‐compatible	  outcomes	  with	  compensation	  	  
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AssumpNon:	  
First-‐order	  opNmality	  (KKT)	  condiNons	  are	  necessary	  and	  sufficient	  	  
w.r.t.	  conNnuous	  variables	  yi	  for	  fixed	  binary	  xi	  and	  given	  rivals	  acNons	  y-i 

Then,	  we	  can	  compute	  the	  opNmal	  response	  of	  each	  player	  
for	  both	  states	  of	  variable	  xi:	  

	  

And	  then,	  we	  check	  which	  strategy	  is	  opNmal:	  

We	  compute	  the	  optimal	  value	  w.r.t.	  the	  continuous	  
variables	  for	  both	  states	  of	  the	  binary	  variable	  simultaneously	  

can choose which result will materialize according to an adequate metric. The market
operator can also assign compensation payments to individual players if no equilib-
rium is feasible without it, and the market e�ciency metric can include the trade-o↵
between e�cient operation and the required level of compensation disbursements.

Definition 2 (Nash equilibrium in a binary game with compensation). A Quasi Nash
equilibrium in a binary game with compensation is a vector

�
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and a

compensation vector
�
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such that for each player:

1. the continuous decision vector y⇤
i

is instead of optimal, write f¡f style like

in eq4, optimal hasn’t been defined optimal given the binary decision x⇤
i

and
the decisions by all rivals y⇤

�i

;

2. and no player can improve her own payo↵ by deviating from x⇤
i

by more than
the compensation payment ⇣

i

; i.e., the compensation is at least as great as the
benefit from deviation with regard to the binary variable. Mathematically, the
Nash equilibrium condition from Definition 1 can be extended as follows:
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We introduce the term binary quasi-equilibrium for solutions
�
(x

i

, y
i

)⇤ 2 K
i

�
i2I

to
the binary game that are Nash equilibria with compensation, but that are not Nash
equilibria if ⇣

i

= 0 8 i 2 I (cf. Definition 1).

do you want to define quasi nash as a point where compensation is
minimixed? or can it be any compensation. The advantage of the latter is
that you can show existence easily. The disadvantage is you almost always
have an infinite number of equilibria and it’s di�cult to compare with
other methods. Want to know your opinion with respect to power markets
especially

Maybe as a footnote - define QE as Pareto-optimal
If all decision variables were continuous, we could derive first-order optimality

(also called Karush-Kuhn-Tucker, KKT) conditions and solve this as an equilibrium
model using Variational Inequalities and Complementarity Problem (Facchinei and
Pang, 2003). In this work, we do not go down this route. Instead, we explicitly state
the considerations of each player and solve an exact representation of the equilibrium
problem with binary decision variables. This is accomplished by computing the ob-
jective value for both possible values of the binary decision variable in parallel and
enforcing that there is no profitable deviation as an additional constraint. Is this too
much repetition at this stage?, yes maybe reduce this to one sentence
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Player i will choose the value of the binary variable x
i

= x
i

and ey(x

i

)

i

such that

f
i

⇣
x
i

, ey(x

i

)

i

, y�i

(x�i

)
⌘
is lowest given the decisions of the rivals y�i

(x�i

). Mathemat-

ically, this can be written as follows:

f
i

�
1, ey(1)

i

, y�i

(x�i

)
�
< f

i

�
0, ey(0)

i

, y�i

(x�i

)
�

) x⇤
i

= 1 (7a)

f
i

�
1, ey(1)

i

, y�i

(x�i

)
�
> f

i

�
0, ey(0)

i

, y�i

(x�i

)
�

) x⇤
i

= 0 (7b)

f
i

�
1, ey(1)

i

, y�i

(x�i

)
�
= f

i

�
0, ey(0)

i

, y�i

(x�i

)
�

) x⇤
i

= {0, 1} (7c)

The logic is similar to the notion of incentive compatibility in game theory, i.e.,
there exists no profitable deviation given the decisions of all rivals. This can also be
interpreted as the optimal response of each player to the rivals’ decisions.

Hence, a vector (x⇤
i

, y⇤
i

(x⇤
i

))
i2I

that satisfies the incentive compatibility constraints
in Definition 1 for each player constitutes a Nash equilibrium. If the incentive com-
patibility condition is not satisfied for any feasible strategy, it may be necessary to
financially compensate a player to ensure that she doesn’t deviate, as stated in Defi-
nition 2.

Now, we propose a mathematically equivalent formulation to represent the incen-
tive compatibility logic by introducing four non-negative variables for each player,
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, and a su�ciently large scalar (or vector of scalars), eK.1 The vec-

tor 
(x

i

)

i

can be interpreted as the loss the player would incur by switching from its
optimal decision to the other option, so it is similar to a dual, but not on the margin,
as discussed in the previous section. The vector ⇣(xi

) are compensation payments to
guarantee incentive compatibility (i.e., the remuneration the player receives from the
market operator or regulator to not deviate from the decision).

Although this may look very similar a disjunctive constraints reformulation at first
glance, it’s a bit di↵erent:
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There are six possible outcomes regarding whether the incentives of an individual
player and the market operator are aligned need to define in detail what incentive
align means... YES!, I am having trouble understanding this right away or
not:

individually equilibrium incentives

case optimal solution 
(1)

i


(0)

i

⇣
(1)

i

⇣
(0)

i

aligned

I active active > 0 0 0 0 yes
II inactive inactive 0 > 0 0 0 yes
III inactive active 0 0 > 0 0 no
IV active inactive 0 0 0 > 0 no
V either active/inactive 0 0 0 0 yes
VI active/inactive either 0 0 0 0 yes

Case I: incentives aligned, player would lose by not activating
Case II: incentives aligned, player would lose by activating
Case III: player must be compensated to not leave the market (i.e., deactivate)
Case IV: player must be compensated to not enter the market (i.e., activate)

1 In applied work using this reformulation, one can of course make the parameter eK specific
to each player and constraint to improve computation e�ciency. We omit this specification
for notational convenience.
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The	  “if-‐then”	  condiNons	  to	  determine	  the	  individually	  opNmally	  binary	  
decision	  are	  very	  painful	  to	  compute	  in	  large-‐scale	  problems:	  

	  

	  

	  

We	  use	  the	  switch	  value	  κ	  and	  introduce	  a	  compensaNon	  payment	  ξ:	  

We	  use	  the	  switch	  value	  to	  the	  incentive-‐compatibility	  check	  
to	  replace	  the	  cumbersome	  “if-‐then”	  conditions	  
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The logic is similar to the notion of incentive compatibility in game theory, i.e.,
there exists no profitable deviation given the decisions of all rivals. This can also be
interpreted as the optimal response of each player to the rivals’ decisions.

Hence, a vector (x⇤
i

, y⇤
i

(x⇤
i

))
i2I

that satisfies the incentive compatibility constraints
in Definition 1 for each player constitutes a Nash equilibrium. If the incentive com-
patibility condition is not satisfied for any feasible strategy, it may be necessary to
financially compensate a player to ensure that she doesn’t deviate, as stated in Defi-
nition 2.

Now, we propose a mathematically equivalent formulation to represent the incen-
tive compatibility logic by introducing four non-negative variables for each player,
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)
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can be interpreted as the loss the player would incur by switching from its
optimal decision to the other option, so it is similar to a dual, but not on the margin,
as discussed in the previous section. The vector ⇣(xi

) are compensation payments to
guarantee incentive compatibility (i.e., the remuneration the player receives from the
market operator or regulator to not deviate from the decision).

Although this may look very similar a disjunctive constraints reformulation at first
glance, it’s a bit di↵erent:
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There are six possible outcomes regarding whether the incentives of an individual
player and the market operator are aligned need to define in detail what incentive
align means... YES!, I am having trouble understanding this right away or
not:

individually equilibrium incentives

case optimal solution 
(1)

i


(0)

i

⇣
(1)

i

⇣
(0)

i

aligned

I active active > 0 0 0 0 yes
II inactive inactive 0 > 0 0 0 yes
III inactive active 0 0 > 0 0 no
IV active inactive 0 0 0 > 0 no
V either active/inactive 0 0 0 0 yes
VI active/inactive either 0 0 0 0 yes

Case I: incentives aligned, player would lose by not activating
Case II: incentives aligned, player would lose by activating
Case III: player must be compensated to not leave the market (i.e., deactivate)
Case IV: player must be compensated to not enter the market (i.e., activate)

1 In applied work using this reformulation, one can of course make the parameter eK specific
to each player and constraint to improve computation e�ciency. We omit this specification
for notational convenience.
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The logic is similar to the notion of incentive compatibility in game theory, i.e.,
there exists no profitable deviation given the decisions of all rivals. This can also be
interpreted as the optimal response of each player to the rivals’ decisions.

Hence, a vector (x⇤
i

, y⇤
i

(x⇤
i

))
i2I

that satisfies the incentive compatibility constraints
in Definition 1 for each player constitutes a Nash equilibrium. If the incentive com-
patibility condition is not satisfied for any feasible strategy, it may be necessary to
financially compensate a player to ensure that she doesn’t deviate, as stated in Defi-
nition 2.

Now, we propose a mathematically equivalent formulation to represent the incen-
tive compatibility logic by introducing four non-negative variables for each player,
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, and a su�ciently large scalar (or vector of scalars), eK.1 The vec-
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can be interpreted as the loss the player would incur by switching from its
optimal decision to the other option, so it is similar to a dual, but not on the margin,
as discussed in the previous section. The vector ⇣(xi

) are compensation payments to
guarantee incentive compatibility (i.e., the remuneration the player receives from the
market operator or regulator to not deviate from the decision).

Although this may look very similar a disjunctive constraints reformulation at first
glance, it’s a bit di↵erent:
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There are six possible outcomes regarding whether the incentives of an individual
player and the market operator are aligned need to define in detail what incentive
align means... YES!, I am having trouble understanding this right away or
not:

individually equilibrium incentives

case optimal solution 
(1)

i


(0)

i

⇣
(1)

i

⇣
(0)

i

aligned

I active active > 0 0 0 0 yes
II inactive inactive 0 > 0 0 0 yes
III inactive active 0 0 > 0 0 no
IV active inactive 0 0 0 > 0 no
V either active/inactive 0 0 0 0 yes
VI active/inactive either 0 0 0 0 yes

Case I: incentives aligned, player would lose by not activating
Case II: incentives aligned, player would lose by activating
Case III: player must be compensated to not leave the market (i.e., deactivate)
Case IV: player must be compensated to not enter the market (i.e., activate)

1 In applied work using this reformulation, one can of course make the parameter eK specific
to each player and constraint to improve computation e�ciency. We omit this specification
for notational convenience.
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We	  introduce	  an	  addiNonal	  player	  called	  “market	  operator”	  

not	  exclusively	  related	  to	  electricity,	  but	  rather	  a	  “coordinator”	  

can	  also	  be	  interpreted	  as	  an	  equilibrium	  selecNon	  mechanism	  

The	  market	  operator	  acts	  as	  an	  upper-‐level	  player,	  opNmizing:	  

	  

while	  guaranteeing	  feasibility,	  opNmality	  &	  incenNve	  compaNbility	  	  
for	  each	  player.	  

This	  player	  can	  effecNvely	  consider	  the	  trade-‐off	  	  
between	  market	  efficiency	  and	  compensaNon	  payments!	  

We	  solve	  for	  a	  binary	  equilibrium	  using	  a	  two-‐stage	  problem	  
by	  introducing	  an	  upper-‐level	  “market	  operator”	  player	  

min F xi , yi( )i∈I( ) +G ζ i( )i∈I( )
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The	  market	  operator	  incorporates	  the	  trade-‐off	  of	  efficiency	  
vs.	  compensation,	  subject	  to	  a	  binary	  (quasi-‐)equilibrium	  

regularizer; in economic applications, it can be interpreted as a penalty term that seeks
to minimize the compensation payments required to ensure incentive compatibility of
the market solution.

Furthermore, by solving the reformulated problem using di↵erent functional forms
or di↵erent relative weights of F (·) and G(·), or by solving the model consecutively and
in each step excluding the previous solutions, one could explore the range of equilibria
from a “best” to a “worst” outcome.

The overall problem then reads as follows, where x
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= {0, 1}; all constraints and
variables contingent on x
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have to be included twice in the mathematical program,
once for each value that x
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It is important to note that the binary variable has an additional role in this formula-
tion: it also controls which of the two potential states with regard to the continuous
variables are active and “visible” to the other players. Furthermore, it ensures that
the “correct” deviation incentive duals and compensation payments are active, in line
with Table 3.

Theorem 1 (Exact reformulation of the binary Nash game). Under Assumption A1,
any vector
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= 0 8 i 2 I, that is a feasible
solution to Problem (10).

If that vector is a global minimum to the objective function (10a), this is the best
binary Nash equilibrium according to the metric given by the objective function F (·),
while G(·) is a constant because ⇣

(x

i

)

i

= 0 8 i 2 I.

Proof. It’s kind of obvious, because the whole thing is set up to do just that. Maybe
something like. . . Assume a contradiction. Better strategy is, pick a solution to
6, show it is a nash binary equilibrium. Next, pick a nash binary solution,
show that it is an optimal solution to 6. I don’t think this theorem is true
though. There are solutions to 6 which are not nash binary equilibria. I
think the way to state it would be if the objective function value of 6 is 0,
then it is a solution to the nash binary game.

By the way, the large scalars K should be easy to come up with in our kind of
problem. agreed – but do we need to state this formally?

We now extend the

Theorem 2 (Exact reformulation of the binary Nash game with compensation). Un-
der Assumption A1, any vector
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x
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is a solution to the binary Nash game with
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regularizer; in economic applications, it can be interpreted as a penalty term that seeks
to minimize the compensation payments required to ensure incentive compatibility of
the market solution.

Furthermore, by solving the reformulated problem using di↵erent functional forms
or di↵erent relative weights of F (·) and G(·), or by solving the model consecutively and
in each step excluding the previous solutions, one could explore the range of equilibria
from a “best” to a “worst” outcome.

The overall problem then reads as follows, where x
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It is important to note that the binary variable has an additional role in this formula-
tion: it also controls which of the two potential states with regard to the continuous
variables are active and “visible” to the other players. Furthermore, it ensures that
the “correct” deviation incentive duals and compensation payments are active, in line
with Table 3.

Theorem 1 (Exact reformulation of the binary Nash game). Under Assumption A1,
any vector
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If that vector is a global minimum to the objective function (10a), this is the best
binary Nash equilibrium according to the metric given by the objective function F (·),
while G(·) is a constant because ⇣
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Proof. It’s kind of obvious, because the whole thing is set up to do just that. Maybe
something like. . . Assume a contradiction. Better strategy is, pick a solution to
6, show it is a nash binary equilibrium. Next, pick a nash binary solution,
show that it is an optimal solution to 6. I don’t think this theorem is true
though. There are solutions to 6 which are not nash binary equilibria. I
think the way to state it would be if the objective function value of 6 is 0,
then it is a solution to the nash binary game.

By the way, the large scalars K should be easy to come up with in our kind of
problem. agreed – but do we need to state this formally?

We now extend the

Theorem 2 (Exact reformulation of the binary Nash game with compensation). Un-
der Assumption A1, any vector
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Theorem:	  Exact	  reformula0on	  of	  a	  binary	  equilibrium	  program	  
Any	  feasible	  soluNon	  to	  the	  market	  operator’s	  program	  
is	  a	  (quasi-‐)	  equilibrium	  in	  a	  binary	  equilibrium	  problem	  

Using	  the	  market	  operator’s	  objecNve	  funcNon	  towards	  “opNmality”	  

Theorem:	  Quadra0c	  mixed-‐binary	  program	  with	  linear	  constraints	  
Under	  certain	  condiNons,	  the	  market	  operator’s	  program	  can	  be	  
reformulated	  as	  a	  linear	  or	  quadraNc	  mixed-‐binary	  program	  	  
with	  linear	  constraints	  

These	  condiNons	  hold	  for	  the	  power	  market	  upliR	  problem,	  
fossil	  fuel	  &	  resource	  markets,	  agriculture,	  investment	  games,	  etc.	  

The	  market	  operator’s	  problem	  is	  an	  exact	  solution	  method	  for	  
binary	  equilibria	  –	  and	  in	  many	  cases,	  it’s	  a	  linear	  program!	  



3	   Comparing	  our	  method	  to	  the	  standard	  approach	  
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ProposiNon:	  
Our	  approach	  is	  always	  at	  least	  as	  good	  than	  the	  two-‐stage	  approach	  
following	  O’Neill	  et	  al.	  (2005),	  irrespecNve	  of	  which	  market	  rules	  apply	  

Idea	  for	  the	  proof:	  

	  Our	  method:	   	   	   	   	  Two-‐stage	  approach:	  

	  

	  

	  

	  Using	  an	  integrated	  model	  is,	  in	  principle,	  at	  least	  as	  good	  	  
	  as	  solving	  a	  two-‐stage	  model	  

We	  believe	  that	  our	  method	  is	  at	  least	  as	  good	  in	  terms	  of	  
social	  welfare	  as	  the	  currently	  applied	  two-‐stage	  approach	  

min F xi , yi( )i∈I( ) +G ζ i( )i∈I( )
 s.t.    feasibility, optimality, 
         incentive compatibility

min G ζ i( )i∈I( )
  s.t.   min F xi , yi( )i∈I( )   s.t. feasibility

          incentive compatibility
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4	   An	  application:	  the	  power	  market	  uplift	  problem	  (I)	  
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We	  use	  the	  nodal-‐pricing	  power	  market	  upliR	  problem	  example	  	  
from	  Gabriel,	  Conejo,	  Ruiz,	  and	  Siddiqui	  (2013):	  

•  6	  nodes,	  9	  generators,	  4	  load	  units,	  2	  periods	  (high/low	  demand)	  

•  Each	  generator	  has	  on-‐off	  decisions,	  start-‐up/shut-‐down	  costs,	  
and	  minimum	  generaNon	  constraints	  (if	  acNve)	  

•  Two	  zones,	  with	  transmission	  bollenecks	  on	  lines	  N2-‐N4	  and	  N3-‐N6	  

Power	  markets	  are	  a	  great	  field	  of	  application	  for	  our	  method	  



4	   An	  application:	  the	  power	  market	  uplift	  problem	  (II)	  
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The	  power	  market	  upliR	  problem:	  

can	  be	  reformulated	  and	  solved	  as	  a	  mixed-‐binary	  linear	  program	  

a	  variety	  of	  market	  rules	  can	  be	  implemented	  as	  linear	  constraints	  

We	  compare	  three	  different	  market	  rule	  implementaNons:	  

•  Two-‐step	  method	  following	  O’Neill	  et	  al.	  (2005),	  standard	  approach;	  
taking	  into	  account	  a	  no-‐loss	  rule	  for	  every	  generator	  

•  A	  game-‐theore0c	  soluNon	  (binary	  equilibrium	  with	  compensaNon)	  

•  A	  regulatory	  framework	  that	  no	  generator	  should	  loose	  money,	  	  
but	  only	  acNve	  generators	  receive	  compensaNon	  (no-‐loss	  &	  ac0ve)	  

There	  are	  different	  market	  rules	  in	  real-‐world	  power	  markets	  
and	  our	  approach	  is	  flexible	  to	  implement	  a	  variety	  of	  those	  
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Player	   Standard	  approach	   Game-‐theoreNc	   No-‐loss	  &	  AcNve	  
xinit (x1i ,x2i) πi ξi (x1i ,x2i) πi ξi (x1i ,x2i) πi ξi

g3 1 (0,0) -300 300 (0,0) -300 15 (1,1) -525 525

g4 1 (1,1) -160 160 (1,1) -250 65 (1,0) -335 335

g5 1 (1,1) 50 (1,1) -50 (1,1) -50 50

g6 1 (1,1) 200 (1,1) 100 (1,1) 100

g7 0 (1,1) 690 (1,1) 715 (1,1) 690

g8 0 (1,1) 680 (1,1) 730 (1,1) 550

g9 0 (0,0) 0 (1,1) -5 5 (0,0) 0

All	   1160 460 940 85 435 910
Other	   1940 2120 2570
Total	   3100 460 3060 85 3005 910

Compensation	  isn’t	  necessary	  for	  incentive-‐compatibility	  here;	  
and	  overly	  restrictive	  market	  rules	  reduce	  overall	  efficiency	  

Generators	  g1	  and	  g2	  are	  not	  acNve	  in	  any	  case;	  “Other”:	  consumer	  &	  congesNon	  rent	  
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In	  this	  example,	  the	  market	  rules	  to	  “protect”	  generators	  
actually	  induce	  a	  substantial	  welfare	  shift	  towards	  consumers	  

Rents	  by	  stakeholder	  group	  in	  the	  three	  method/market	  rule	  cases	  	  
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Welfare	   Firm	  profits	  
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The	  main	  challenge	  in	  compuNng	  equilibria	  in	  binary	  variables	  	  
is	  the	  exponenNal	  increase	  in	  the	  number	  of	  binary	  variables	  

Size	  of	  the	  trial	  problem:	  6	  nodes,	  9	  generators,	  4	  load	  units,	  2	  hours	  

•  Standard	  approach	  (welfare-‐opNmal	  unit-‐commitment)	  

number	  of	  binary	  variables:	  	  	  

•  Brute-‐force	  enumeraNon	  of	  equilibria	  

number	  of	  equilibrium	  problems:	  	  	  	  

•  Exact	  binary	  quasi-‐equilibrium	  soluNon	  method	  

number	  of	  binary	  variables:	  	  	  

The	  number	  of	  binary	  variables	  increases	  only	  linearly	  	  
in	  the	  number	  of	  generators	  and	  hours	  

!!T ⋅ I =18

!!2T ⋅ I >266k

!!T 2 I + J + L + N −1( )+ I( ) =122
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We	  develop	  a	  method	  to	  find	  soluNons	  to	  binary	  equilibrium	  problems	  
such	  as	  Nash	  games	  with	  binary	  decision	  variables	  

We	  introduce	  the	  term	  “quasi-‐equilibrium”	  for	  market	  results	  that	  are	  
incenNve-‐compaNble	  only	  if	  compensaNon	  is	  paid	  to	  some	  players	  

Under	  very	  general	  condiNons,	  the	  problem	  can	  be	  solved	  
as	  a	  Mixed-‐Binary	  Linear/QuadraNc	  Program	  using	  standard	  methods	  

The	  method	  allows	  to	  include	  a	  mulNtude	  of	  market	  rules	  and	  regulaNons	  
to	  replicate	  real-‐world	  seqngs	  and	  consideraNons	  

No-‐loss	  rules,	  compensaNon	  only	  for	  acNve	  generators,	  etc.	  

We	  propose	  a	  novel	  and	  very	  flexible	  method	  to	  find	  	  
Nash	  equilibria	  in	  binary	  games	  with	  compensation	  
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Applying	  the	  method	  to	  real-‐world	  size	  problems	  

illustrate	  the	  trade-‐off	  between	  market	  efficiency	  &	  compensaNon	  

can	  our	  method	  realize	  welfare	  gains	  similar	  to	  the	  switch	  to	  MIP?	  

Using	  the	  switch	  value	  for	  beler	  numerical	  algorithms	  	  

stopping	  criteria,	  guidance	  in	  branch-‐and-‐bound,	  etc.	  

Yield	  a	  beler	  understanding	  of	  gaming	  opportuniNes	  in	  power	  sector	  

our	  method	  can	  explicitly	  compare	  game-‐theoreNc	  aspects	  

Extend	  the	  method	  to	  Generalized-‐Nash	  games,	  etc.	  

The	  method	  opens	  up	  a	  host	  of	  future	  research	  opportunities	  
towards	  real-‐world	  applications	  and	  new	  algorithms	  
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Over	  the	  past	  decade,	  power	  market	  operaNon	  was	  greatly	  
improved	  by	  using	  Mixed-‐Integer	  Programming	  (MIP):	  

•  In	   2004,	   PJM	   implemented	  MIP	   in	   its	   day-‐ahead	  market	   [...],	  with	  
savings	  es0mated	  at	  $100	  million/year.	  	  

•  On	  April	  1,	  2009,	  the	  California	  ISO	  (CAISO)	  implemented	  its	  Market	  
Redesign	   and	   Technology	   Update	   (MRTU),	   [...]	   achieving	   an	  
es0mated	  $52	  million	  in	  annual	  es0mated	  savings	  by	  using	  MIP.	  	  
	  
Quoted	  from:	  “Recent	  ISO	  SoRware	  Enhancements	  and	  Future	  SoRware	  
and	  Modelling	  Plans”,	  FERC	  Staff	  Report,	  2011,	  pages	  3-‐4	  

Even	  small	  improvements	  in	  power	  market	  operation	  
can	  have	  huge	  societal	  benefits	  due	  to	  increased	  efficiency	  



2	   The	  math	  –	  Other	  methods	  to	  solve	  binary	  Nash	  games	  	  
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•  Björndal	  and	  Jornsten	  (2008)	  

•  Gabriel,	  Conejo,	  Ruiz,	  and	  Siddiqui	  (2013)	  

•  Todd	  (2015)	  

	  

Recent	  research	  focuses	  on	  additional	  constraints	  	  
or	  relaxations	  of	  integrality	  or	  complementarity	  (optimality)	  

21	  



2	   The	  math	  –	  Obtaining	  “duals”	  in	  integer	  programming	  

Daniel	  Huppmann,	  Sauleh	  Siddiqui	  
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Using	  opNmizaNon	  for	  determining	  prices	  relies	  on	  duality	  

But	  duality	  in	  integer	  programs	  is	  difficult	  to	  establish	  

The	  noNon	  of	  a	  “marginal	  relaxaNon”	  doesn’t	  quite	  make	  sense	  

Look	  at	  a	  stylized	  example:	  

	  

	  

	  

If	  you	  solve	  this	  program	  in	  GAMS	  (or	  most	  numerical	  solver	  packages),	  
you	  will	  get	  some	  “duals”	  reported	  

Where	  do	  these	  values	  come	  from?	  

	  	  

	  

What	  are	  duals	  in	  integer	  or	  binary	  programming,	  	  
and	  why	  can	  we	  use	  them	  as	  market-‐clearing	  prices?	  

22	  

minx     x − 0.5( )2

 s.t. x ∈{0,1}
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O’Neill	  et	  al.	  (2005)	  proposed	  a	  two-‐step	  approach:	  

1.  Solve	  the	  MIP	  using	  standard	  methods	  (Problem	  1)	  

2.  Solve	  the	  linearized	  LP	  model	  (Problem	  2),	  fixing	  discrete/binary	  
variables	  at	  opNmal	  level	  x*	  as	  determined	  by	  Problem	  (1)	  

The	  dual	  variables	  (λ*, μ*)	  to	  Problem	  (2)	  can	  be	  interpreted	  	  
as	  market-‐clearing,	  Walrasian	  prices!	  

But	  these	  are	  not	  actually	  the	  prices	  used	  in	  real-‐world	  markets!	  

	  

	  

Duals	  in	  integer	  programs	  using	  a	  two-‐step	  procedure	  

 

minx,y   f x, y( ) (1)

  s.t. g x, y( ) ≤ 0

x ∈{0,1}n

y ∈!m

 

minx,y   f x, y( ) (2)

  s.t. g x, y( ) ≤ 0 λ( )
x = x* µ( )
x, y( )∈!n+m



3	   An	  exact	  solution	  method	  –	  Introducing	  the	  “switch	  value”	  
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Rather	  than	  focusing	  on	  relaxations	  of	  binary	  variables,	  
let’s	  look	  at	  the	  loss	  from	  deviating	  (“switch	  value”)	  

24	  

We	  introduce	  the	  term	  “switch	  value	  κ”	  to	  describe	  the	  absolute	  
(not	  marginal)	  loss	  when	  deviaNng	  from	  the	  opNmal	  value	  x*:	  

	  

	  

Applying	  this	  idea	  to	  the	  simple	  example:	  

	  

	  

	  

The	  two-‐stage	  approach	  suggests	  that	  marginal	  improvements	  are	  
possible,	  but	  the	  switch	  value	  shows	  that	  the	  player	  is	  indifferent	  

f x*, y*( ) = f x×, y×( )−κ
where  x× =1− x*  and y× = argmin y f x×, y( )

minx     x − 0.5( )2

 s.t. x ∈{0,1}
µ(x* = 0) = −1
µ(x* = 1) = 1

κ = 0


