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The	  Challenge	  
•  Aggrega.ons	  of	  loads	  can	  provide	  reserves	  via	  
load	  control	  

•  But	  loads	  are	  stochas.c…	  
– We	  don’t	  know	  the	  future	  load	  exactly	  
– We	  don’t	  know	  the	  future	  load	  flexibility	  exactly	  
	  

•  Two	  op.ons:	  
–  Be	  conserva.ve	  in	  how	  much	  load-‐based	  reserve	  we	  
schedule	  (how	  it’s	  done	  today)	  

–  Plan	  for	  load	  control	  uncertainty	  within	  the	  op.mal	  
power	  flow	  problem	  …	  
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The	  Solu.on:	  	  
Planning	  for	  load	  control	  uncertainty	  
•  Stochas.c	  op.mal	  power	  flow	  including…	  
– Uncertain	  renewable	  energy	  produc.on	  
– Uncertain	  load	  control	  (i.e.,	  load-‐based	  reserves	  
where	  feasible	  reserve	  capaci.es	  aren’t	  known	  
exactly)	  

•  Chance-‐constrained	  formula.on…	  
– Ensure	  probabili.es	  of	  constraints	  with	  stochas.c	  
variables	  are	  met	  with	  certain	  probabili.es	  
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Solu.on	  Approaches	  
•  Last	  year:	  scenario-‐based	  approach	  
–  Calafiore	  and	  Campi	  TAC	  2006	  –	  “The	  scenario	  
approach”	  –	  provides	  probabilis.c	  guarantees	  if	  
certain	  number	  of	  scenarios	  are	  used	  

– Margellos,	  Goulart,	  and	  Lygeros	  TAC	  2012	  –	  
“Probabilis.cally	  Robust	  Design”	  –	  robus.fies	  the	  
scenario	  approach	  to	  reduce	  data	  needs/computa.on	  

– More	  informa4on:	  Vrakopoulou	  et	  al.	  HICSS	  2014	  

•  This	  year:	  distribu.onally	  robust	  op.miza.on	  
– Data-‐driven,	  but	  can	  cope	  with	  limited	  data	  
availability	  

– More	  informa4on:	  Zhang	  et	  al.	  ACC	  2015	  
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Outline	  

•  Load	  modeling	  
•  Problem	  formula.on	  
•  Solu.on	  approaches	  
•  IEEE	  9-‐bus	  results	  
•  IEEE	  39-‐bus	  results	  
•  Next	  steps	  
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Load	  Aggrega.ons	  Modeled	  as	  Time-‐Varying	  
&	  Uncertain	  Energy	  Storage	  

Mean	  power	  over	  an	  interval	  

State	  of	  charge	  
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Physikstrasse 3, 8092 Zürich (email: koch@eeh.ee.ethz.ch).
D.S. Callaway is with the Energy and Resources Group at the University

of California at Berkeley, 310 Barrows Hall, Berkeley, CA 94720-3050 USA
(email: dcal@berkeley.edu).
J.L. Mathieu and D.S. Callaway acknowledge financial support from

PSERC’s Future Grid Initiative, and S. Koch acknowledges financial support
from swisselectric research for the project Local Load Management.

IEEE TRANSACTIONS ON POWER SYSTEMS 1

State Estimation and Control of Electric Loads to
Manage Real-Time Energy Imbalance
Johanna L. Mathieu, Student Member, IEEE, Stephan Koch, Student Member, IEEE,

Duncan S. Callaway, Member, IEEE

θi(k + 1) = aiθi(k) + (1− ai)(θa,i −mi(k)θg,i) + ϵi(k)

mi(k + 1) =

⎧

⎪

⎨

⎪

⎩

0, θi(k + 1) < θset,i − δi/2

1, θi(k + 1) > θset,i + δi/2

mi(k), otherwise

θset + δ/2

θset − δ/2

ugoal(k) =
∑

j uj(k) = K(Pdesired(k+1)−Ppredicted(k+1))

S(k + 1) = S(k) + (P (k)− Pbaseline(k))∆T

Pmin(k) ! P (k) ! Pmax(k)

Smin(k) ! S(k) ! Smax(k)

J.L. Mathieu is with the Department of Mechanical Engineering at the
University of California at Berkeley, 4th Floor Collaboratory, Sutardja Dai
Hall, Berkeley, CA 94720-1740 USA (email: jmathieu@berkeley.edu).
S. Koch is with the Power Systems Laboratory at ETH Zürich, ETL G 29,
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Formula.on:	  Assump.ons	  

•  DC-‐OPF	  
•  Single-‐period	  problem	  
•  Load-‐based	  reserves	  should	  be	  able	  to	  provide	  
full	  power	  capacity	  for	  15-‐minutes	  
à	  Power	  capacity	  offered	  to	  market	  is	  a	  func.on	  of	  	  
	   	   	  	  	  	  	  ,	   	   	  , 	   	  	  ,	  and	  
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Formula.on:	  Nota.on	  Notation

Decision variables:

energy production at generators PG

generators’ up- and down-reserve capacities RG, RG

loads’ up- and down-reserve capacities RL, RL

“distribution vectors” dG, dG and dL, dL

Other variables:

actual generator reserves RG and load reserves RL

real-time supply/demand mismatch Pm

Cost parameters:

c = [c
0

, c

1

, c

2

, cG, cG, cL, cL]
T

Given data:

loads forecast P f

L and wind forecast P f

W

actual wind power e
PW , actual load e

PL

actual minimum and maximum load [ePL,
e
PL]

min/max generator production PG, PG
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Formula.on:	  Joint	  and	  Individual	  
Chance	  Constrained	  OPF	  Joint and Individual CC-OPF Models

[J-CC-OPF]:

min cT[1, P
G

, P 2
G

, R
G

, R
G

, R
L

, R
L

] (1)

s.t. P
m

=
NWX

i=1

( eP
W,i

� P f

W,i

)�
NLX

i=1

( eP
L,i

� P f

L,i

) (2)

NGX

i=1

d
G,i

+
NLX

i=1

d
L,i

= 1 (3)

NGX

i=1

d
G,i

+
NLX

i=1

d
L,i

= 1 (4)

R
G

= d
G

max{�P
m

, 0}� d
G

max{P
m

, 0} (5)

R
L

= d
L

max{P
m

, 0}� d
L

max{�P
m

, 0} (6)

P
⇣
eAx � eb

⌘
� 1� ✏ (7)

x = [P
G

, R
G

, R
G

, R
L

, R
L

, d
G

, d
G

, d
L

, d
L

] � 0. (8)
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Joint and Individual CC-OPF Models

Constraints inside (7)

e
Ax � e

b = {PG  PG +RG  PG,

e
PL  e

PL +RL  e
PL,

�RG  RG  RG,

�RL  RL  RL,

�P

line

 B

flow


0

B

�1

bus

P̂

inj

�
 P

line

}. (9)

[I-CC-OPF]:

min (1)

s.t. (2)–(6), (8)

P
⇣
e
Aix � e

bi

⌘
� 1� ✏i i = 1, . . . ,m. (10)
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Chance	  Constrained	  OPF	  
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Solu.on	  Approaches	  	  

•  A1:	  Sample	  Average	  Approxima.on	  
•  A2:	  Gaussian	  Approxima.on	  
•  A3:	  Scenario	  Approxima.on	  
•  A4:	  Distribu.onally	  Robust	  Op.miza.on	  
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A1:	  Sample	  Average	  Approxima.on	  
(solved	  with	  MILP)	  

Solution Approaches: Mixed-Integer Linear
programming (MILP) Approach (A1)

Known as Sample Average Approximation (SAA) approach

Reformulate individual chance constraints (10)

P
⇣
e
Aix � e

bi

⌘
� 1� ✏i i = 1, . . . ,m as

A

s
ix � b

s
i �My

i
s 8s 2 ⌦, i = 1, . . . ,m (11)

X
s2⌦

p

s
y

i
s  ✏i, 8i, and y

i
s 2 {0, 1} 8s, i, (12)

where M is a large scalar coe�cient.

Associate each s 2 ⌦ with a binary logic variable y

i
s such that

y

i
s = 0 indicates that As

ix � b

s
i .

y

i
s = 1 indicates that As

ix < b

s
i .
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A2:	  Gaussian	  Approxima.on	  Solution Approaches: Gaussian Approximation
Approach (A2)

Consider an equivalent of individual chance constraints (10)

P
⇣
e
Aix � e

bi

⌘
� 1� ✏i i = 1, . . . ,m

P
⇣
e
A

0
ix̄  b

0
i

⌘
� 1� ✏i i = 1, . . . ,m, (13)

Assume the uncertainty is Gaussian distributed:

e
A

0
i ⇠ N(µi,⌃i).

Then,
e
A

0
ix̄� b

0
i ⇠ N(µT

i x̄� b

0
, x̄

T⌃ix̄).

We rewrite (13) as

b

0
i � µ

T
i x̄ � ��1(1� ✏i)

p
x̄

T⌃ix̄ i = 1, . . . ,m. (14)

The above are second-order cone constraints if ��1(1� ✏i) � 0, i.e.,
1� ✏i � 0.5.
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A3:	  Scenario	  Approxima.on	  Solution Approaches: Scenario Approximation
Approach (A3)

Replace each chance constraint in (10)

P
⇣
e
Aix � e

bi

⌘
� 1� ✏i i = 1, . . . ,m with

A

s
ix � b

s
i 8s 2 ⌦

ap

. (15)

Both A1 and A2 require full distributional knowledge, while A3 requires
large sample sizes and significant computation.
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A4:	  Distribu.onally	  Robust	  (DR)	  
Op.miza.on	  

Solution Approaches: Distributionally Robust
Optimization Approach (A4)

The DR variant of (10):

inf
f(⇠)2D

P
⇠

( eA⇠

i

x � eb⇠
i

) � 1� ✏
i

8i = 1, . . . ,m. (16)

Given samples {⇠i}N
i=1 of ⇠, we first calculate the empirical mean and

covariance matrix as µ0 = 1
N

P
N

i=1 ⇠
i and ⌃0 = 1

N

P
N

i=1(⇠ � µi

0)(⇠ � µi

0)
T, and

then build a confidence set

D =

8
><

>:
f(⇠) :

R
⇠2S f(⇠)d⇠ = 1

(E[⇠]� µ0)
T(⌃0)

�1(E[⇠]� µ0)  �1

E[(⇠ � µ0)(⇠ � µ0)
T] � �2⌃0

9
>=

>;
.
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A4:	  Distribu.onally	  Robust	  (DR)	  
Op.miza.on	  Solution Approaches: Distributionally Robust

Optimization Approach (A4)

(Duality theory) Let r
i

,


H

i

p
i

pT
i

q
i

�
, and G

i

be the dual variables associated

with the three constraints in the above confidence set D, respectively. The
individual chance constraints (16) are equivalent to

�2⌃0 ·Gi

+ 1� r
i

+ ⌃0 ·Hi

+ �1qi  ✏
i

y
i

(17)

G

i

�p
i

�pT
i

1� r
i

�
⌫


0 1

2 Ā
x

i

1
2 (Ā

x

i

)T y
i

+ (Āx

i

)Tµ0 � b̄x
i

�
(18)


G

i

�p
i

�pT
i

1� r
i

�
⌫ 0,


H

i

p
i

pT
i

q
i

�
⌫ 0, y

i

� 0, i = 1, . . . ,m, (19)

where operator “·” in constraint (17) represents Frobenius inner product of two
matrices (i.e., A ·B = tr(ATB)). This is a semi-definite program and can be
solved by commercial solvers.

Importantly, note that the above approaches for bounding the unknown f(⇠)
are general and allow the uncertainty ⇠ to be time-varying, correlated, and
endogenous.
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Computa.onal	  experiments	  

•  IEEE	  9-‐bus	  test	  system	  
– Added	  one	  wind	  farm	  to	  bus	  6	  
– All	  loads	  assumed	  par.ally	  controllable	  
– Wind	  forecast	  uncertainty	  (modeled	  with	  real	  data)	  
– Load	  control	  uncertainty	  assumed	  a	  func.on	  of	  
temperature	  forecast	  uncertainty	  

•  IEEE	  39-‐bus	  test	  system	  
– Similar	  assump.ons…	  

17	  



Results:	  IEEE	  9	  Bus	  Test	  System	  	  
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Computational Results: IEEE 9-Bus System

Table : Results for IEEE 9-Bus system with 1� ✏i = 95%

Obj. Rel(%) CPU
avg min max avg min max avg min max

A1 J-CC-OPF 1349 1328 1363 77 8 95 2 1 4
I-CC-OPF 1346 1336 1357 72 46 90 5876 131 32817

A2 I-CC-OPF 1349 1340 1358 82 65 94 1 1 1
A3 I-CC-OPF 1408 1371 1525 100 99 100 55 54 57
A4 I-CC-OPF 1393 1365 1458 100 98 100 5 4 6
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Cost	   Performance	   Computa.on	  

A4	  (empirically)	  requires	  20	  data	  points,	  A3	  (theore.cally)	  requires	  900!	  



Results:	  IEEE	  9	  Bus	  Test	  System	  	  	  
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Computational Results: IEEE 9-Bus System

Table : Results of I-CC-OPF solved by the DR approach A4

1� ✏i = 95.00% 90.00% 85.00%
avg 1392.64 1369.23 1359.97

Objective cost min 1352.46 1346.62 1346.62
max 1457.81 1385.24 1372.75
avg 99.50 97.97 94.51

Individual Reliability (%) min 91.40 91.40 83.29
max 99.96 99.70 99.18
avg 6.63 6.98 6.95

CPU seconds min 6.13 4.73 6.27
max 8.19 8.44 7.83
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Results:	  IEEE	  9	  Bus	  Test	  System	  	  
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Computational Results: IEEE 9-Bus System

Table : Solutions from A1–A4 of I-CC-OPF with 1� ✏i = 95%

(PG)1 (PG)2 (PG)3 (RG)1 (RG)2 (RG)3 (RG)1 (RG)2 (RG)3 (RL)1 (RL)2
A1 10.00 28.84 20.94 0.00 0.00 0.00 0.00 0.00 0.00 4.44 1.21
A2 10.00 28.89 20.97 0.00 0.00 0.00 0.00 0.00 0.00 3.88 1.88
A3 10.03 29.32 21.27 0.03 2.35 0.00 0.03 2.79 0.00 10.49 9.73
A4 10.00 29.22 21.20 0.00 0.25 0.00 0.00 0.34 0.00 10.97 7.34

(RL)3 (RL)1 (RL)2 (RL)3 (dG)1 (dG)2 (dG)3 (dL)1 (dL)2 (dL)3
A1 8.05 1.86 0.63 3.41 0.00 0.00 0.00 0.32 0.09 0.58
A2 9.45 2.03 1.08 4.21 0.00 0.00 0.00 0.25 0.12 0.62
A3 4.74 8.55 7.85 4.00 0.00 0.10 0.00 0.38 0.35 0.17
A4 15.17 8.46 5.68 11.59 0.00 0.01 0.00 0.32 0.21 0.46
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Results:	  IEEE-‐39	  Bus	  Test	  System	  
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Computational Results: IEEE 39-Bus System

Table : Average performance (out of 37 Constraints) to IEEE 39-Bus system
with 1� ✏i = 95%

CPU seconds Objective cost Reliability (%)
A5 3015.98 25670.07 96.47
A2 4.10 25632.72 93.79
A3 6893.96 26129.16 99.99
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A5:	  A	  hybrid	  between	  A4	  (Distribu.onally	  Robust	  
Op.miza.on)	  and	  A2	  (Gaussian	  Approxima.on)	  



Findings	  

•  Distribu.onally	  robust	  op.miza.on	  provides	  a	  
good	  trade-‐off…	  
–  Less	  computa.onally-‐intensive	  than	  scenario-‐based	  
methods	  

–  Requires	  less	  data	  than	  scenario-‐based	  methods	  
–  Beqer	  performance	  than	  Gaussian	  approxima.on	  or	  
sample	  average	  approxima.on	  (MILP	  formula.on)	  

•  …but	  the	  semidefinite	  program	  resul.ng	  from	  the	  
IEEE	  39	  bus	  test	  system	  is	  already	  too	  big…	  
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Next	  steps	  

•  Apply	  distribu.onally	  robust	  op.miza.on	  to	  
the	  mul.-‐period	  problem…	  
– Solved	  with	  scenario	  approach:	  Vrakopoulou	  et	  al.	  
HICSS	  2014	  

– Solved	  with	  Gaussian	  approxima.on:	  Li	  and	  
Mathieu	  PowerTech	  2015	  

•  Alterna.ves	  to	  moment-‐matching	  
•  Alterna.ve	  approxima.on	  techniques	  
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THANK	  YOU!	  	   	  QUESTIONS?	  

	  
Contact:	  Johanna	  Mathieu	  	  

jlmath@umich.edu	  
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