Moment-Based Relaxations of the
Optimal Power Flow Problem

Dan Molzahn and lan Hiskens
University of Michigan

Seminar at FERC’s 2014 Technical Conference on Increasing Real-
Time and Day-Ahead Market Efficiency through Improved Software

June 24, 2014




Outline

Optimal power flow overview
Moment relaxations
Investigation of feasible spaces
Exploiting sparsity

Conclusions

I Ii26



Classical OPF Problem
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Convex Relaxation
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Convex Relaxation

1

Y DN e T e B AN N
0B k- ------- ....... ....... P

07 F ---o ------- .......

06 L - _______

o 05k _____
sl
ozl ..

02k ----¢ , . -

0.1 \
0 i

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Relaxation finds global optimum
Introduction (Zero relaxation gap)

31/26



Convex Relaxation
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Semidefinite Programming

« Convex optimization

* Interior point methods solve for the global optimum
In polynomial time
min trace (BW)
W
subject to

trace (A, W) = ¢;
W =0

where B and A; are specified symmetric matrices

Recall: trace (AT W) =A11Wi 1 +A W+ .+ A Wan
W = 0 if and only if eig (W) > 0

Introduction
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Moment-Based Relaxations




Preliminaries

« Exploit moment-based semidefinite relaxations for
polynomial optimization problems [Lasserre ‘10]

min f (z)  subjectto| \where f(z) and ¢; (z) are polynomial
. - - - - - F T
gi (.T) :_} 0 funCthnS Of L= [I'f:!l T"fu'? R I'fn'.u I'fql. I'fq? SR Iﬁqu]

- Define linear functional L, of polynomials f (z) and g; ()

g(x)= ) gaz" Ly{g(@)}= ) gava

N2 acN2n

« Define vector &, containing all monomials up to order d

Jrl:-f — [ 1 -il‘ril onow -il‘{r” -il‘ril 1{{11{{2 ' om 1[_-.";” 1[31 1{{11 rig voaoa -il‘l:.lr.” :|

Moment SDP
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Moment-Based Relaxation

« The order-d moment-based relaxation is

min Ly { f (x)} subject to
Yy '

Ly {g?; () xd—lxg—l} = () [ localizing matrices ]

Ly {:L"d x;} = () [ moment matrix |

 Increasing d yields a tighter relaxation but has a
computational cost

» Recover global optimum if rank (L, {z1z{}) =1

Moment SDP
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Moment SDP

Two-Bus Example (First Order)

1= |1 Vi Vi

;T
ffz}

*— (Eliminate V41 to enforce reference angle)

Ly{r iz} =

Yooo | Y100 Yoio Yool

Y100 | Y200 Y110 Y101 | > () [ moment constraint ]
Yo1o | Y110 Yo20 Yo11

Yoot | Y101 Yo11 Yooz

Lower limit of 0.9 per unit for voltage magnitude at bus 2:

g(z)=V3+ Vé ~0.9°>0

Ly{g(

(@) moz) }

= Y20 + yfm —0.9% yooo > 0

[ localizing constraint |
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Two-Bus Example (Second Order)

—_— .l" _r‘- .l" ;— Q _r‘- ;— .l" ;— _r‘- 2 ;— _r‘- .l" E T
r2=[1 Var Vo Vo V& VaiVae ViV V3 VaVe V3]

*— (Eliminate V;; to enforce reference angle)

Yooo Y100 Yoio  Yooi Y200 Y110 Yio1 Yyo20  Yo11 Yyoo2

Y100 Y200 Y110 Y101 Y300 Y210 Y201 Y120 Y111 Y102

Yo1o Y110 Yo20 Yo11 Y210 Y120 Y111 Yo30 Yo21 Yo12

Yoot Y101 Yyoi1 Yoo2 Y201 Y111 Y102 Yo21 Yo12 Yoo3s
* Ty — 200 Y300 HY210 4201 400 310 301 220 211 202

L, (zoxl) = | Y200 | 300 Y210 woor | yaoo Ysio ysor Y220 yar Y — ()

Y110 Y210 Y120 Y111 Y310 Y220 Y211 Y130 Y121 Y112 —_—

Y101 | Y201 Y111 Y102 | Y301 Y211 Y202 Yi21 Y112 Y103
Y020 | Y120 Y030 Y021 | Y220 Y130 Y121 Yo40 Y031 Y022

Yo11 Y111 Yo21 Yo12 Y211 Y121 Y112 Yo31r  Yo22  Yois

| Y002 Y102 Yoi12  Yoos Y202 Y112 Y103  Yo22  Yo13  Yoo4 |

[ moment constraint |
Moment SDP
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T9 = [ 1

Ly (z223) =

Moment SDP

Va1

Y200
Y110
Y101
Y020
Yo11
Y002

Two-Bus Example (Second Order)

, , 9 T r 17 9 R r2 T
Vaio Vo Vi VaiVae VaVe Vi VeV Fqg]

*— (Eliminate V;; to enforce reference angle)

Y210
Y120
Y111
Y030
Yo21
Yo12

Y201

Y111
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Yyo21
Yo12
Yoo3s

Y200 Y110 Y101 Y020  Yoi1 Y002
Y300 Y210 Y201 Y120 Y111 Y102
Y210 Y120 Y111 Yo30  Yo21  Yoi2
Y201 Y111 Y102  Yo21  Yoi2  Yoo3
Y400 Y310 Y301 Y220 Y211 Y202
Y310 Y220 Y211 Y130 Y121 Y112
Y301 Y211 Y202 Y121 Y112 Y103
Y220 Y130 Y121 Y040 Y031 Yo22
Y211 Y121 Y112 Yo31  Yo22  Yoi3
Y202 Y112 Y103  Yo22  Yoi13  Yoo4

[ moment constraint |
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Two-Bus Example (Second Order)

* Lower limit of 0.9 per unit for voltage magnitude
atbus 2: Vi + V35— 0.9°>0

1 Val Vio Vio

; .-TE ra x Fa T
= [1 Vg Vg Vil il = ||Va| Vi VaVe VaVe
4 Vaz | VaiVae Vi VieVip

by F Vs FR Vs 72
i V q2 V rfll' q2 V n’E1p g2 V o2

L, { (Vd?2 +Vh—0.9%) 2] | =

} Yool ]

Yooo | Y120 + Yro2 — (0. 9} Yoo Yozo + Yorz2 — } Yoo Yo21 + Yooz —

(0.9) ( (0. (0.
Y120 + Y102 ([]-9} Yioo | Y220 + Y02 — {0-9}9 Yooo Yizo + Y112 — (0. 9} Yo Y121 + Yoz — (0. 9} Yim ~ ()
Yoao + Yoi2 ([]-9} Yoto | Y1ao + Y112 — {0-9}; Y110 Yoao + Yooz — (0 9]‘ Yoo Yoz1 + Yorz — {0 9]‘ Yo || —
Yo21 + Yooz — ([]-9} Yoo1 | Y121 + Y10z — {O-Q)H Yio1 Yoz + Ymaz — (0. 9} Yor1 Yooz + Yoos — (0. 9} Yooz |_

[ localizing constraints ]

Moment SDP
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Feasible Space Investigation




Test System Results

« First-order relaxation is exact for many problems
[Lavaei & Low '12, Molzahn et al. ‘13]

— |EEE 14, 30, 57, and 118-bus test systems

— Polish 2736, 2737, and 2746-bus systems in MATPOWER
distribution

« Both small and large example systems where
first-order relaxation fails to be exact

— Second and third-order relaxations globally solve many
problems where first-order relaxation fails

Feasible Space
12 /26




Disconnected Feasible Space

' R+jX,=004+j0.20 Va

* Two-bus example OPF problem

Vv
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Feasible Space

[Bukhsh et al. “11]
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Feasible Space
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* Two-bus example OPF problem
[Bukhsh et al. “11]
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Disconnected Feasible Space

v, R+ j¥ =0.04+j0.20 Va
* Two-bus example OPF problem O I

[Bukhsh et al. “11]
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Disconnected Feasible Space

v, R+ j¥ =0.04+j0.20 Va
* Two-bus example OPF problem O I

[Bukhsh et al. “11]
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Disconnected Feasible Space

v, R+ j¥ =0.04+j0.20 Va
* Two-bus example OPF problem O I

[Bukhsh et al. “11]
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Disconnected Feasible Space

v, R+ j¥ =0.04+j0.20 Va
* Two-bus example OPF problem O I
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Disconnected Feasible Space

v, R+ j¥ =0.04+j0.20 Va

P+ 0,
=3.525-j3.580

* Two-bus example OPF problem O

[Bukhsh et al. “11]
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Connected But Non-Convex Space

* Five-bus example OPF problem [Lesieutre & Hiskens ‘05]

Feasible Space for Five-Bus System
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Feasible Space
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Connected But Non-Convex Space

* Five-bus example OPF problem [Lesieutre & Hiskens ‘05]

Feasible Space for Five-Bus System

0+jQ, 5 4 0+jaQ,, 3 0+ja_ 12

.........................................

701 jo. 10
_ jo.1
P,+i0

0 2 4 6 8 10 12
P o (Per unit)

Feasible Space
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Connected But Non-Convex Space

* Five-bus example OPF problem [Lesieutre & Hiskens ‘05]

Feasible Space for Five-Bus System
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Connected But Non-Convex Space

* Five-bus example OPF problem [Lesieutre & Hiskens ‘05]

Feasible Space for Five-Bus System
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Connected But Non-Convex Space

* Five-bus example OPF problem [Lesieutre & Hiskens ‘05]

Feasible Space for Five-Bus System
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Results for Other Systems

 Second and third-order moment-based relaxations
globally solve small OPF problems

Number of Minimum
Case Parameters
Buses Order

Lesieutre, Molzahn, Borden, & 3 50 MVA line limit 5
DeMarco '11

Molzahn, L esleutre, & 3 100 MVA line limit 2
DeMarco ’14

Bukhsh, Grothey, McKinnon & Pra = 17.17 it

Trodden '13 € p3 = L(.L0 peruni 2
Lesieutre & Hiskens '05 5 2

—50 <@¥™ < —27.36 MVAR

Bukhsh, Grothey, McKinnon & 5 97 as SQE“ < _27.04 MVAR 3

Trodden ’13 "
—27.03 <™ <0 MVAR )

Bukhsh, Grothey, McKinnon & 9 >

Trodden 13

Madani, Sojoudi & Lavaei ‘13 10 59

(ex. 1)

Madani, Sojoudi & Lavaei ‘13 10 5
Feasible Space (ex. 2)
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Exploiting Sparsity




Computational Challenges

« Moment matrix size for order-d relaxation of

n-bus system: (2n+4d)
(2n)!d!

14-Bus System:
d=1
d="2

d=3 =—>
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Extension to Large Problems

« Exploit sparsity using chordal extension and matrix
completion decomposition [waki et al. 0]

— Similar to existing approaches [Jabr ‘11, Molzahn et al. '13]

* Naively exploiting sparsity allows for solving second-
order relaxation with up to approximately 40 buses

* To extend to larger systems, only apply higher-order
relaxation to problematic regions of large networks

— Heuristic using power injection mismatches

I 18 /26



Power Injection Mismatch (MW, MVAr)

Large-Scale First-Order Relaxations

Global solution to some OPF problems

Fails for other problems, but mismatch (using closest
rank one matrix) at only a few buses

Power Injection Mismatch (IEEE 300-Bus System) Power Injection Mismatch (Polish 3012-Bus System)

25 [ [ e 1200 i i
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o
o
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800

15

600

10
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Power Injection Mismatch (MW, MVAr)

N
o
o

(=]
(=]

0 50 100 150 200 250 300 500 1000 1500 2000 2500 3000
Bus Index Bus Index

o
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Large-Scale First-Order Relaxations

* Global solution to some OPF problems

 Falls for other problems, but mismatch (using closest
rank one matrix) at only a few buses

Power Injection Mismatch (IEEE 300-Bus System) Power Injection Mismatch (Polish 3012-Bus System)




Proof-of-Concept Example

* Global solution from application of second-order
constraints to two buses in the IEEE 300-bus system

— 22% increase in computation time

First-order relaxation

P Power Injection Mismatch (IEEE 300-Bus System)
25
7 [ [ ®
o é?/y/ﬁ /‘ O P Mismatch (MW)
\/;/\/f_%\ e \{’:_H/\ ® Q Mismatch (MVAr)
S v TN e ®
W — fﬁk :7%?{;;‘:'\:_ > 20
N A % ] >
/ \ﬁ \\_4 -
N :
I V4 =
\ ) J/ S
A /ké,%/\ 5]
\QE /5.;}}#///1‘ E’
%R?ﬁ///‘zb’%‘\/\ S
7/ T \ S 10
= 2
1/\ (0]
J/‘\/‘— =
ite] -
D o
\
v 0 )
A 0 50 100 150 200 250 300
\ Bus Index
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Proof-of-Concept Example

* Global solution from application of second-order
constraints to two buses in the IEEE 300-bus system

— 22% increase in computation time

Second-order relaxation here

Power Injection Mismatch (IEEE 300-Bus System)
F

25 F

O P Mismatch (MW)
® Q Mismatch (MVAr)

N
o

15

10

Power Injection Mismatch (MW, MVAr)

[ __________ _______ ________ _J
0O 50 100 150 200 250 300

Bus Index

First-order relaxation elsewhere
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Conclusion
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Conclusion

« Moment-based relaxations find global solutions to
OPF problems

 Investigation of the feasible spaces for first and
second-order moment relaxations

» Exploiting sparsity and selective application of
higher-order relaxations to globally solve larger
problems

— Proof-of-concept example with moderate-size problem

I 22 /26



Ongoing Work

Improve computational tractability for large problems

— Challenges: memory, numerical precision, computational speed

« Implement distributed solution algorithms

— Proven successful for existing OPF relaxations
[Lam, Zhang, & Tse 11, Kraning, Chu, Lavaei, & Boyd ‘14]

* Find and explore cases where low-order relaxations fall

- Extend to other problems

— State estimation, voltage stability margins, etc.
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