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The Power Flow Equations 

Polar voltage coordinates: 

Rectangular voltage coordinates: 

Introduction 

• Nonlinear, coupled quadratic form 

• Solved using locally convergent techniques dependent 
on an initial guess of solution voltages 
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Optimal Power Flow (OPF) Problem 
 

 

• Optimization used to determine system operation 

‒ Minimize generation cost while satisfying physical laws and 
engineering constraints 

‒ Yields generator dispatches, line flows, etc. 

• Large scale 

‒ Optimize dispatch for several states 

• Non-convex, NP-hard 

• Studied for 40 years 
‒ Existing methods do not guarantee global optimum 

 

Introduction 
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Semidefinite Programming 
• Convex optimization, finds global optimum 

 

Introduction 

Recall  
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Semidefinite Relaxation of the 
Power Flow Equations 

 

 

• Write power flow equations as 
    where  

• Define matrix 

• Rewrite as                               and 

• Relaxation: 
 replace                               with  

‒                          implies zero duality gap (“tight” relaxation) and 
recovery of the globally optimal voltage profile [Lavaei ‘12] 

Introduction 
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Example 

Introduction 
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Application of Semidefinite 
Programming to the Optimal 

Power Flow Problem 
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Classical OPF Problem 

SDP OPF 
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Semidefinite Relaxation of the 
OPF Problem 

SDP OPF 

Semidefinite relaxation 
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Duality Gap 

SDP OPF 

• A physically meaningful solution has “zero duality gap” 

‒ Same optimal objective value for classical OPF and  
semidefinite relaxation 

‒ W is rank one (subject to angle reference) 

‒ Optimal voltage profile recoverable from semidefinite relaxation 

• The semidefinite relaxation may not give physically 
meaningful solutions 

‒ A gap between optimal objective values for classical OPF and  
semidefinite relaxation 

‒ W is not rank one (subject to angle reference) 
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Duality Gap Illustration 

Relaxation finds 
global optimum 
(zero duality gap) 

Relaxation does not 
find global optimum 
(non-zero duality gap) SDP OPF 
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Techniques for Large-Scale OPF 
Problems 
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Overview 

Large Scale 

• Modeling advances 

• Computational improvements 

• Sufficient condition for global optimality 
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Modeling Advances 
• Multiple generators at the same bus 

‒ Existing formulations limit total power 
injections at a bus 

‒ Analogy to consistent locational marginal 
price 

• Flow limits on parallel lines and 
transformers 

‒ Existing formulations limit total flow 
between two buses 

‒ Limit flows on individual lines, including 
off-nominal voltage ratios and non-zero 
phase shifts Large Scale 
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Matrix Completion Decomposition 

• Use sparsity to reduce solver time 

• Computational bottleneck is constraint 

‒ Scales as            for an n-bus system 

• Replace with positive semidefinite constraints on 
many smaller matrices 

‒ Requires equality constraints between equivalent terms 
in different matrices 

 

Large Scale 

[Jabr ‘11] 
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Decomposition Improvement 

Large Scale 

1. No decomposition 2. Decomposition in 
existing literature 

3. Proposed 
decomposition 
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Computational Results 

• Matrix combination heuristic provides a factor of  
2 to 3 speed improvement over existing decompositions 

 

Large Scale 
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Sufficient Condition for Global 
Optimality 

• Determine if the solution from a traditional solver is 
globally optimal 

‒ Use the Karush-Kuhn-Tucker conditions for optimality of 
the semidefinite program 

○ Complementarity: 

○ Feasibility:  

• Globally optimal solutions to many small test 
systems, indeterminate for some large systems 

 

 
Large Scale 
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MATPOWER  Implementation 
• Proposed methods 

implemented in 
MATLAB code that 
integrates with 
MATPOWER 

• Preparing code for 
public release 

 

 

 
Large Scale 
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Results for Large-Scale Systems 
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Test System Results 

• Many problems have zero duality gap solutions 

‒ IEEE 14, 30, 57, and 118-bus test systems 

‒ Polish 2736, 2737, and 2746-bus systems in MATPOWER 
distribution 

• Both small and large example systems with  
non-zero duality gap solutions 

 

 

 Results 
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Large Systems Results 
• Some solutions have zero duality gap 

• Others have non-zero duality gap, but mismatch 
(using closest rank one W matrix) at only a few buses 

Results 
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Disconnected Feasible Space 

• Two-bus example system 

 

[Bukhsh ‘11] 

Results 
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Conclusion 
 

 

• A semidefinite relaxation finds a global optimum of 
many OPF problems 

• Large-scale solver exploits power system sparsity 
using matrix decomposition 

• Power injection mismatches in large systems appear 
isolated to small subsets of the network 

• Illustration of non-convexities associated with non-
zero duality gap solutions 

• Sufficient condition test for global optimality of a 
candidate OPF solution 

Conclusion 
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