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Alternating Current Optimal Power Flow

Variables: generators, some network
elements

Objective: e.g. minimize costs

Constraints: balance supply & demand,
network constraints, generator constraints

Obstacle: power flow is dynamic, nonlinear



Complex Flow

e Faraday’s law: a changing magnetic field
induces an electric field

Mechanical energy
input is converted
into electrical
energy.

Mechanical energy
output.

AC voltage applied
to motor coll through
slip rings.

AC voltage
output through
slip rings and

Generator

Voltage =
applied to
maotor.

Back emf generated
by turning of

-----------------------




Alternating Current (AC)
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Voltage Phasors

Wave: Fregueney, Amplitude, Phase
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ACOPF: Polar Formulation

min E cle + co P
i

subject to

Py =) [Gin|Vil[Va| cos(6; — ) + |Vi||Vo| Bin sin(6; — 6,,)],Vi NPV (1)
n

Qi =Y [Gin|Vil|Va|sin(0; — 0,) — |Vi||Vy| Bin cos(6; — 6,,)],Vi NPV (2)
Vn

pP™n < P < P NPV(3)

QMM < Q< Q™™ NPV(4)

v < |V <V NPV (5)

—Omx < g, — 0, <O VineB NPV(6)

T T

\/(Pi - pﬁ)? + (Qz — Qn)z < Sl'nax?vﬁn c B NPV(?)
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The Trouble with Nonconvexity
@
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See “Exploring the power flow solution space boundary” Hiskens & Davy 2001


Linear Approximations

Can easily find an exact solution to an
approximate, but inexact ACOPF

PTDF: linear network flow problem derived from
“typical” conditions
B-Theta aka DCOPF:
— Assume |V| =1, AB~ 0, G<<B
— Disregard reactive power: Q~ 0
P; ~ Bi,(0; — 6,,)
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Cost of approximation unclear.  LMP paper by Overbye, Cheng, & Sun 2004


Conic Relaxations

e Relaxation Feasibility Region =2 Original Region
— Relaxation helps determine optimality/infeasibility
e Conic programs use special convex constraints:
— LP: Linear (nonnegativity)
— SOCP: Second Order Cones (convex quadratics)
— SDP: Semidefinite (positive semidefiniteness)
— SDP O SOCP O LP

e Conic programs are relatively easy
— Near-optimal solutions in polynomial time
— Starting points/infeasibility detection



Convex Relaxation




Inexact Relaxation
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ACOPF: Rectangular Voltage

Nodes i={1,...,N}, voltages V = {V{®, ..., Ve, V™, ... Vi

Recall VRe= |V |cos(f), V™ = |V |sin(f) = EZ =tan(6)
min Z clp,i + co P

st.

P,=VIYpV Vi (1)

PMt < P < P Vi (2)

Qi=VTYo,V Vi (3)

QP < Qi< QP Vi (4)

Vinin < (Vi¥)? + (Vi'™)? < Vinax Vi (5)

(P = Pn)?+(Qi— Qn)* < st Vi,n (6)
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NVR SDP

(Primal SDP Relaxation of NVR formulation)
mianle + co P

subject to

Pi= ) [Gin(Xypeyne, +Xyrmyim) = Bin(Xyreyim — Xyimyne)] Vi
neN

Qi =) [-Bin(Xypeype, +Xyimym) = Gin(Xyreym = Xymyne)] Vi
neN

pmin < p < pmax NRY_SDP(3)

QM < Q< Q™ NRV_SDP(4)

ymin < |V < VM NRV_SDP(5)

V(P — P2+ (Q; — Q)2 < S™™ Vine B NRV_SDP(6)

X=VVi=X»>0 NRV_SDP(7)
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Standard technique, first applied on ACOPF by Bai et al.  Dual SDP later examined by Lavaei & Low.




NVR SOCP
(SOCP Relaxation of NVR_SDP)

All 2x2 principal minors must be nonnegative


Presenter
Presentation Notes
Kim and Kojima 2003


®

NBR SOCP
mianle + o P;
subject to
P; = V2Gu; + Z |GinMin + BinTin) Vi NBR_.SOCP(1)
neN\{i}
Qi = —V2Bju; + Z GinTin + BinMin) Vi NBR_.SOCP(2)
neN\{i}

pmin < p < pmax NBR_SOCP(3)
QM < Q < Q™™ NBR.SOCP(4)
(Vmin)Q (Vmax)Q
V2 V2
V(P —P)2 4+ (Q; —Qn)2 < SM™* VineB NBR.SOCP(T)

2, > M2, + T2 Yi,n € B NBR_SOCP(8)

T 1T

M,u>0 NBR.SOCP(9)

<u< NBR_SOCP(5)
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Derived from Gomez & Esposito 1999, Jabr 2003 observed that the model easily lent itself to a SOCP relaxation


Comparing SOCP Relaxations:

Relaxation Gaps
(Zero Lagrangian dual/SDP relaxation gap)

NRV_SOCP NBR_SOCP

Case9 1.45% 0%
Casel4d 5.22% 0.08%
Case_ieee30 5.86% 0.04%
Case30 1.81% 0.58%
Case39 1.40% 0.02%
Case57 1.57% 0.08%
Casel18 49.68% 39.53%
Case300 2.05% 0.34%

Relaxation Optimal Value

Relaxation Gap = 1 —
crasation ap Best Known Primal Objective



Comparing SOCP Relaxations:
Solution Times (sec)

NRV_DSDP NRV_SDP NRV_SOCP NBR_SOCP

Case9 0.01 0.01
Casel4d 5.6 2.6 0.03 0.02
Case_ieee30 5.5 56.7 0.06 0.04
Case30 2.6 64.5 0.06 0.05
Case39 12.3 446 0.08 0.04
Case57 11.6 2478.6 0.13 0.04
Casell8 49.36 - 0.83 0.1

Case300 749.9 - 1.5 0.3



Cuts

A cut is a constraint that renders infeasible a
(usually optimal) point of an inexact relaxation




Solving SDP as SOCP

X>=0=cl'Xe>0 VeeR




Cuts for NVR SOCP: casel118

“
0 - 49.3 0.5

1 80 52.5 4.8

2 80 55.7 7.2

3 78 99.6 11



Duality Gap

e Can cuts help us with problematic cases?
— Stressed, possibly infeasible systems
— High congestion? Negative costs?



Using Disjunctions for Nonconvexity

Divide nonconvex space into linear sections
Given polytope P = {z € R"|Az > b}

and disjunction D = Vv{_,(Dyz > dy)

For some point EITHER

& € @ = clconvUj_, {x € P|Dyx > dy}

OR separate: find a valid inequality/cut s.t.:
afz>pla’es<p

Cut-Generating Conic Program handles mechanics



Nonconvex Relaxations with Disjunctions
—tr(c! Xe)

Valid cuts for X = 22! = (c'2)? > tr(Xec!) Ve e R
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Convergence guaranteed for appropriate orthogonal c’s, but this is NP-hard (Saxena et al. 2008)


The Future

 Experimental results coming soon for
problems with duality gap

e Can inexact relaxations provide useful warm
starts?



Conclusion

LP: exact solution, approximate model
NLP: local solutions to a more accurate model

Conic: near-optimal solutions to potentially
accurate model

Cuts can improve inexact relaxations



Thank you!
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